The positive integers a1, a2, ..., as are k-wise relatively prime if any k of them are relatively prime. Exact formula is obtained for the probability that s positive integers are k-wise relatively prime.
A classic result in number theory is that the probability that two given integers are relatively prime is 6/π 2 . More generally the probability that s positive integers chosen arbitrarily and independently are relatively prime is 1/ζ(s), where ζ(s) is Riemann's zeta function. A short accessible proof of this result is in the paper of Nymann [1] . Recently, in 2002 Tóth [2] solved the problem of finding the probability that s positive integers are pairwise relatively prime by the recursion method.
The positive integers a 1 , a 2 , ..., a s are k-wise relatively prime if any k of them are relatively prime and are k-wise relatively prime to a if gcd of any k of them is relatively prime to a. In this note we consider the problem of finding the probability A s,k that s positive integers are k-wise relatively prime.
For a (k − 1)-tuple of positive integers u = (u 1 , ..., u k−1 ), let Q (u) s,k (n) denote the number of s-tuples of positive integers a 1 , a 2 , ..., a s with 1 ≤ a 1 , a 2 , ..., a s ≤ n such that a 1 , a 2 , ..., a s are k-wise relatively prime and are i-wise relatively prime to u i for i = 1, 2, ..., k − 1.
The next theorem gives an asymptotic formula for Q (u) s,k (n) and the exact values of A s,k .
Theorem 1 For fixed s ≥ 1, k ≥ 2, we have uniformly for n, u i ≥ 1 with
where
and θ(u 1 ) is the number of squarefree divisors of u 1 .
Corollary 2 The probability that s positive integers a 1 , a 2 , ..., a s are k-wise relatively prime and are i-wise relatively prime to
For u 1 = u 2 = · · · = u k−1 = 1, the probability that s positive integers are k-wise relatively prime is To prove the theorem we need the following lemmas.
Proof. An (s + 1)-tuple of positive integers a 1 , a 2 , ..., a s+1 are k-wise relatively prime and are i-wise relatively prime to u i for i = 1, 2, ..., k − 1 if and only if the first s-tuple of positive integers a 1 , a 2 , ..., a s are k-wise relatively prime and are i-wise relatively prime to u i and (a s+1 , u i+1 ) for i = 1, 2, ..., k − 2 and are (k − 1)-wise relatively prime to u k−1 and a s+1 , and (a s+1 , u 1 )=1, we have
Note that the (k − 1)-tuples of positive integers j * ′ u are not pairwise relatively prime, so Theorem 1 can not be applied to Q (j * ′ u) s,k (n) and the above recurrence relation can not be used in the proof of Theorem 1 by induction.
To complete the proof of the lemma, it suffices to show that Q
For an s-tuple of positive integers, if each of them is relatively prime to (j, u 2 ), then they are pairwise relatively prime to (j, u 2 ), and pairwise relatively prime to (j, u 2 ] since (j, u 2 ) and (j, u 2 ] contain the same prime factors, thus they are pairwise relatively prime to u 2 (j, u 3 ) if and only if they are pairwise relatively prime to u 2 (j, 
Note that the (k − 1)-tuple of integers in j * u are pairwise relatively prime, so we can apply Theorem 1 to Q (j * u) s,k (n) in the proof of Theorem 1 by induction.
and ω(u i ) denote the number of distinct prime factors of u i .
Proof. Since both
f s,k,i+1 (ui) and f s,k,k−1 (u k−1 ) are multiplicative arithmetic functions, it suffices to verify for u i = p a a prime power:
For the proof of the theorem, we proceed by induction on s. For s = 1, we have by the Inclusion-Exclusion Principle
Hence,
and (1) is true for s = 1 with A 1,k = 1, f 1,k,i (u i ) = 1 for i ≥ 2, and f 1,k,1 (u 1 ) = φ(u1) u1 , φ denoting the Euler function. Suppose that (1) is valid for s, we prove it for s + 1. From Lemma 3, we have
Here n j=1 θ(j) ≤ n j=1 τ 2 (j) = O(n log n), where τ 2 = τ is the divisor function. Furthermore, from Lemma 4,
Hence, the main term of (5) is
and its O-terms are
by Lemma 3(b) in [2] , which gives an asymptotic estimate of the sum
from Lemma 3(a) in [2] , which gives an asymptotic estimate of the sum n≤x τ k (n) n = O(log k x). n)
by a simple computation, which shows that the formula is true for s + 1 and we complete the proof.
